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Differential Geometric Guidance Based on the Involute
of the Target’s Trajectory

Omar Ariff,* Rafat Zbikowski," Antonios Tsourdos,* and Brian A. White$
Cranfield University, Swindon, England SN6 SLA, United Kingdom

This paper presents a novel approach to missile guidance using the differential geometry of curves and not relying
on the line of sight information. The target’s trajectory is treated as a smooth curve of known curvature and the new
algorithm is based on the involute of the target’s curve. The missile’s trajectory uses the concept of virtual target to
generate the correct involute trace. It is shown that the missile is either on the trace immediately or may be able to
reach it through an alignment procedure. In general, following the trace requires a three-dimensional maneuver in
which the missile flies above the target’s tangent plane. The projection of the three-dimensional trajectory onto the
tangent plane coincides with the involute trace, but is traversed in the time-to-go, thus resulting in the intercept.
Two air-to-air scenarios of point masses are considered for a maneuvering target of the F-16 fighter class: 1) a
two-dimensional engagement with target executing a constant g turn; 2) a three-dimensional engagement with
target executing a barrel-roll maneuver. Perfect target information is assumed in simulations. In the first case,
intercepts occur both for the involute law and proportional-navigation (PN) guidance; PN based intercepts occur
quicker, but the involute-based trajectories are more difficult to evade and always result in a side impact. In the
second case, PN fails to intercept the target, while the involute law is successful.

L

HIS paper offers a new perspective on the generation of in-

tercept trajectories for missile guidance. The motivation is to
overcome, without the complexity of optimal control,! the three
shortcomings of the proportional-navigation (PN) algorithm? fam-
ily: 1) reliance on the line of sight (LOS) for derivation of intercept
geometry and kinematics, 2) effectiveness against nonmaneuvering
targets only, and 3) lack of direct control over the curvature of the
missile’s trajectory. The second limitation can be, to some extent, al-
leviated through various modifications of the original PN algorithm,
for example, augmented PN. However, the LOS motion becomes
very rapid when the missile and target are close to each other. This
is an inescapable consequence of using straight lines (intercept tri-
angles) to express curved trajectories (maneuvers). Scenarios with
maneuvers lead naturally to freeing the intercept geometry of the
rectilinear framework by the use of the differential geometry of
spatial curves.

The essence of differential geometric description of smooth
curves in R® is the use of calculus to quantify how a curve devi-
ates locally from its linear approximation. The point-mass velocity
vector v =v(¢) over time ¢ is expressed as a multiple v = v(¢) of the
unit tangent vector T'=T(¢), that is, v(t) = v(¢)T(z). At the same
moment in time, the normal vector k =k(¢) is obtained by differ-
entiating T' and is therefore orthogonal to T. (Because T - T =1,
differentiation gives T'- T =0.) Again, k(¢) =« (t)N(t), where N is
the unit normal vector and « is the curvature. The curvature mea-
sures the local deviation of the curve from the rectilinear progression
along the tangent line. Indeed, its inverse p =1/« is the radius of
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best-fitting circle in the plane spanned by the tangent and normal
vectors. The right-handed local coordinate frame is completed by
the binormal vector b(¢) = (¢)B(¢), where B = T x N is the unit
binormal vector. The torsion T measures locally how much the curve
deviates from the plane spanned by the tangent and normal vectors.

It is convenient to replace the time parameter ¢ with the arc length

/ v(t) dt
0

for then the reparameterized curve has unit speed, as ds/df =v.
The preceding definitions and relationships are summarized® by the
Frenet—Serret equations:

def
S =

T (s) 0 Kk(s) 0 T(s)
N (@) | = | —«(s) 0 T(s) N(s) 1)
B'(s) 0 —1(s) O B(s)

where ' means differentiation with respect to s. (Note that each of T,
N, Bis avectorin R?, in general.) Parameterizations of Eq. (1) differ
by the factor of speed v =ds/dt; as for any vector x, we obviously
have dx/dt = (dx/ds)(ds/dt).

The work*~® is a recent example of the use of differential ge-
ometry for guidance. In those papers the three-dimensional kine-
matics of missile-target point masses were resolved with respect
to the LOS. The missile trajectory arc length s,, was used as the
common parameter for both curves. The target/missile speed ratio
m = v, /v, =const < 1 was assumed, together with v,, = const. The
resulting kinematics formulas combined the unit vector e, along the
LOS and the unit rotational vector ey of the LOS with Eq. (1), so
that the vectors T, T,, (with the speed ratio m) and N,, N,, (with
the curvatures «;, k,,) were involved. The end result was a gener-
alization of PN for maneuvering (but constant speed) targets, valid
for some initial conditions.

Previous noteworthy work includes the kappa guidance,”~® which
builds upon the classical work on the E guidance by Cherry."
The original algorithm of Lin’ was two-dimensional and based on
the simple reasoning of Cherry that in inertial coordinates the mis-
sile acceleration is ¥ =g +a., where g is the gravity vector and a,
the command vector. The unknown acceleration X can be expanded
in a Taylor series, but only two coefficients can be determined, K
and K,. Lin’s generalization of Cherry’s approach’ consisted in
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recalculation of K; and K, via optimal control, resulting from max-
imization of the final (impact) speed. The end result was suboptimal
to achieve analytical formulas, and the whole setting was based on
the LOS information. The same was also true in three dimensions,
when a torsion command was included.’

This paper differs from prior work in two main aspects. First,
it focuses on deriving an algorithm for two-dimensional intercept
trajectory generation that is not based on a LOS framework. Second,
an explicit aim is to tackle maneuvering targets in a way that leads
to a conceptually and computationally simple guidance law.

II. Involutes

A curve C is a (thrice) differentiable mapping x: [0, c] — R?,
and its trace is the set 7 (x) = {x(s) € R*|s € [0, c]}. The tangent
line to a curve C generates the tangent surface that for planar curves
coincides with the defining plane. A curve C* that lies on the tangent
surface of C and intersects the tangent lines orthogonally is called
an involute of C (see Fig. 1). The equation of an involute x* of the
curve x, is

x*(s) =x(s) + (c —s)T(s) 2)
so that x*(c) =x(c) is the intercept for s = ¢ and

vi(s) = (¢ — $)KN(s) 3)

Here v* = dx*/ds, while s, T(s), N(s), and k are parameters of
the original curve C. This is the kinematic model for involute-based
missile-target engagements.

The involute’s curvature is expressed in terms of the original
curve’s curvature « and torsion T:

2 2
2 K*+T
= 4
(k™) P C))]
For two dimensions, T =0, and in our case s = vt, so that
k*=1/(c —vt) (5)

Reparameterization of the preceding formulas with missile arc
length s, = vt = (v, /V)s is obvious, as v,, = const.
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III. Involute-Based Guidance Law

There are three main problems in application of the mathematical
principles of involutes to practical guidance:

1) Position: The missile’s position x*(s) has to be on the tangent
line of T'(s), that is, the target’s velocity [see Eq. (2)].

2) Orientation: The target’s tangent vector T'(s) and the missile’s
normal vector N*(s) must be collinear for all s, as C* intersects the
tangent lines of C orthogonally.

3) Speed: The speed should decrease linearly, reaching zero at
the impact point: v*(s) = (¢ — s)k [see Eq. (3)].

First, restriction 1 is removed using the concept of virtual target
described in Sec. IIILA. Then problem 2 is solved in Sec. IIL.B.
These developments enable tackling issue 3 by specifying a three-
dimensional missile maneuver, which is explained in Sec. III.C.

A. Correct Involute Generated by Virtual Target

A way to overcome restriction 1 is to postulate existence of pre-
vious positions of the target, that is, where it could have been before
the engagement commenced. This leads to a virtual trajectory ob-
tained by concatenation of the previous positions with the current
ones, thus implicitly expanding the observed target trajectory. The
expanded trajectory can be traversed by the virtual target at a con-
stant speed, different from the real target’s speed. Mathematically,
this is an extension of the domain of the target’s curve, combined
with its reparameterization from s to s,,. For the real target, Eq. (2)
exists on [0, c], and hence so do all of the involutes as well. If Eq. (2)
is reparameterized by s, and extended to [0, ¢'], the same happens
to its involutes, thus enriching the set of possible missile intercept
trajectories.

The virtual target is an imaginary point mass, moving at a constant
speed vy, Which will reach the intercept point at the same time as
the real target, but starting at a point behind the real target. (For
a forward quarter engagement this should read in front of.) This
new starting point is obtained by reparameterizing and extending
the real target’s trajectory, so that restriction 1 is satisfied for the
virtual target. Hence, the missile position at the beginning of the
engagement s = ( is on the virtual target’s tangent at sy = 0.

Assuming that restriction 2 is satisfied, this enables the intercept
of the virtual target. Importantly, this can be done by following
the trace of the involute the missile is already traversing (at launch).
Moreover, this will also lead to the intercept of the real target. Indeed,
both targets will arrive at the same time at the point (s = ¢ for the
real and sy, = ¢’ for the virtual), where the involute trace meets both
virtual and real trajectories. Figure 2 illustrates this concept.
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Fig. 1 Trajectory produced by involute guidance law.
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Fig. 2 Finding the correct involute.

To facilitate easy computation of ¢’ and v,,, we postulate the
extension of the observed trajectory by concatenation of a circular
arc. The radius of the arc will be computed from the curvature of
the target at the beginning of the engagement

P =1/k(0) ©6)
where k =«(s) is parameterized with s. The virtual trajec-
tory is parameterized by s, and at s, =0; its Frenet frame
[Ty (0), Nyy(0)] must be orthogonal to the missile’s frame at the
beginning of the engagement [T%(0), N*(0)], that is, at s =0.
[Note that the missile’s frame is parameterized by s, not sy,; see
Egs. (2-5).] Because the orientations of both the missile’s and the
target’s frames (both parameterized by s) are assumed to be known
at 0, the angular difference between the real and virtual frames
60 is readily computed. Indeed it is the angle through which the
target’s frame [7'(0), N(0)] has to be rotated to be orthogonal to
[T*(0), N*(0)]. Hence the arc length of the extension of the ob-
served trajectory is

8¢ = pun 86 @)

The target moves with the constant speed v and the intercept
occurs at s = ¢, so that

lgo=C/V ®)
whereas, using Eq. (7), we have
¢ =c+é8c 9)
Hence, the constant speed of the virtual target must be
Uy =¢' /1o = (1 + 8¢ /C)v (10)
and, finally,
Ssyi=vnt=1+dbc/c)s (11)

which, together with Eq. (9), completes the virtual extension
and reparameterization of the target’s trajectory. Reparameterizing
Eq. (2) with s,,; generates the trace of the correct involute 7 (x*),
thus solving problem 1.

The trace is a reference trajectory, but the missile might not arrive
at the intercept point at 7y = fy,, as it flies at a constant speed. This is
the essence of problem 3. If the engagement begins too late, 15 > t,,,

and the missile will never make it. If the engagement begins too early,
1y <14, so that it will have to loiter above the tangent plane, while
following the trace. This requires a three-dimensional maneuver and
is described in Sec. III.C.

B. Alignment Maneuver

As explained in Sec. III.A, the virtual trajectory is obtained by
adding a circular arc to the real trajectory. The radius of this arc py,
is given by Eq. (6) and the corresponding arc length é¢ by Eq. (7),
obtained from the angular difference 0 between the real and virtual
frames.

Figure 2 shows that for 60 = /2 the virtual target’s and mis-
sile’s frames can be aligned, so that restriction 2 is obeyed. If the
missile were farther in the negative direction of horizontal sepa-
ration, there would still exist 60 > 7 /2 satisfying requirement 1,
but not 2. Although the missile position would then indeed be on
the corresponding tangent line of the virtual target, the virtual tar-
get’s and missile’s frames could not be aligned, that is, restriction
2 would be violated. Such a situation is illustrated in Fig. 3, where
the initial missile position is x,, (0) = (0, 4000), while the target is at
x(0) = (0, 0). The circular arc with radius p, = R, is extended by
—(%)n, and there exists a tangent line / of this arc on which x,,(0)
lies. However, the tangent vector T of this line is not collinear with
the missile’s normal vector, which is N,, = (0, 1), that is, parallel
to the direction of sideward separation. If the missile keeps flying
straight on (zero maneuver effort), there will come a moment (cap-
tured in Fig. 3 for —7/2) when T and N,, are indeed collinear. At
that moment the situation is like in Fig. 2, so that the virtual target
algorithm can be activated, and the missile will start flying along
the correct involute, while obeying restrictions 1 and 2.

Therefore, the two-dimensional aspects of the algorithm are as
follows:

Case 1: If, at the beginning of the engagement, the missile is close
enough to the target, a virtual target can be computed satisfying 1
and 2. This also means that the missile is immediately on the correct
involute and can follow its trace.

Case 2: If, at the beginning of the engagement, the missile is too
far for the alignment of its frame with the virtual target’s frame
to occur, it first executes the alignment phase. This means that the
missile continues flying in a straight line until the alignment occurs,
that is, when it attains the correct involute and the situation reduces
to case 1.

The criterion for distinguishing the cases follows from the defini-
tion of the virtual trajectory. The extension of the real trajectory is an
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Fig. 3 Forward-quarter target engagement and intercept.

arc of the circle with radius and center derived from the position x(s)
and curvature « (s) of the target [see Eq. (6) and Fig. 3]. The criterion
tests whether the current normal of the missile is collinear with a
tangent of the circle. If this is true, then this is case 1; otherwise, it
is case 2.

The vector connecting the target’s center of curvature with the
missile’s position at s (see Fig. 3), is

R (s) =[x (s) + K ($)N(s)] — X, (5) (12)

and its length is R (s) = ||[Rnc(s)]|. The angle between the missile’s
unit normal vector N,,(s) and R, (s) is 8,.(s). The candidate circle
for the extending arc at s has radius

R,(s)=1/k(s) (13)
Hence, the flying in criterion is
Sin By (s) < R,(s)/Ruc(s) = Casel
SinBp.(s) > R,(s)/Rpc(s) = Case2 (14)

The value s = s for which case 1 occurs is used to define the
virtual target with o, = R, (s0) [see Egs. (6) and (13)].

C. Three-Dimensional Missile Maneuver

If problems 1 and 2 are solved, the missile can get to, or is on, the
correct involute trace. The trace intercepts the target’s trajectory, but
the missile must arrive at the intercept point after time to go tg,. If
the involute length is L, then a constant speed missile following the
trace will need to fly at v; = L; /t,,; in general, v,, Zv;. If v, <v;,
there will be no intercept, but for v,, > v, the missile can fly above the
tangent surface, that is, execute a three-dimensional maneuver. The
projection of this three-dimensional trajectory K onto the tangent
surface will be the required involute /.

The family of such curves K must satisfy the following require-
ments: 1) projection of K on the tangent surface is /; 2) K and /
coincide at f,,; and 3) constant speed v,, missile traverses K in #y,.

There are infinitely many curves satisfying the preceding require-
ments, and they can be found in many ways, for example, using
the calculus of variations. However, the focus here is on simple
solutions, and therefore the curve K will be sought as a quadric
(a fragment of a parabola).

Note that the surface S formed by K, / and the initial vertical
offset D is a sector of a developable surface. In other words, S is a

fragment of the surface generated by straight lines orthogonal to the
tangent surface 7' and moving along /. Development of S means
that it can be considered in the [s, z(s)] plane, where s is the arc
length of I and z(s) the height of K above T'. For a planar target T
is a plane, and thus S is a cylindrical sector. From now on we shall
focus on this case, assuming that T is the (x, y) plane. In practice,
this means that the three-dimensional maneuver curve K will have
the same x and y coordinates as the involute /, but its z coordinate
will be a quadric in s, the target’s arc length:

2(s)=As>+Bs+C A,B,C eR (15)

Recall that the target’s arc length s is related to time through s = vt,
where v is the target’s speed.

To determine A, B, C ensuring the intercept, we need first to
determine the length L, of the involute /. Using Eq. (3), it follows
that for a target with a constant curvature k

‘ * 1 2
L, = Iv*(s)|lds = —«c (16)
o 2
where k = const is measured for the parameterization with respect
to s. If the constant curvature is expressed with respect to time ¢, it
will have value k, = kv, so that L; = k,c?/(2v).
Note that o, = ¢/v and the length of K is

L (.,/1+(dz>2d
= — s
K 0 ds

an
so that, according to Eq. (15),
2(0)=D (18)
z(e)=L; (19)
/ V14 Q2As + B)2ds =ty (20)
0

where Eq. (20) means that the length Lgx of K must be tra-
versed by the missile in time to go. The indeterminate integral
f V1 + (2As + B)*] ds has a closed form, which is not necessarily
simple, so that in actual implementation Eq. (20) was solved itera-
tively as follows. From Eq. (18) we have that C = D, while Eq. (19)
gives

A=—(Bc+ D)/ (1)
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Fig. 4 Three-dimensional maneuver induced by the involute law for
planar target: a) forward-quarter engagement and b) rear-quarter
engagement.

If B is found, so that Eq. (20) is satisfied with required accu-
racy, Eq. (21) can be used readily to compute A, and Eq. (15)
is determined, guaranteeing intercept. Because B is the tangent
of the quadric at s =0, or z =D, iterative solution of Eq. (20)
is done by simple shooting with respect to o = atan(B), where
—m/2 <a < /2. Corrections to the shooting are done by the bi-
section algorithm on (—m /2, 7/2) to ensure rapid convergence.

IV. Simulated Scenarios and Results

The following assumptions! are made regarding the nature and
capabilities of the target: 1) the target is an F-16 class fighter; 2) the
target will maneuver in the endgame; 3) maneuver up to 9 g, sus-
tainable for < 10 s; and 4) the missile-target engagements are all
aspect.

A. Planar Engagement: Constant g-Turn Maneuver

The evasive maneuver assumed here is a tightly banked turn or
loop.!!

The preceding capabilities will now be described in terms of dif-
ferential geometric parameters, namely, T, N, k. The principal plane
of the maneuver, or the tangent plane, is horizontal in the Earth
Cartesian coordinate system. In this context, the following assump-
tions are made for the tightly banked turn maneuver: 1) the curva-
ture of the target’s trajectory is known; 2) the curvature is constant
k =0.34; 3) the turn is less than one complete cycle; and 4) the tar-
get’s speed is 300 m/s (equivalent air speed). Two engagements are

IData available online at http://www.fas.org/man/dod-101/sys/ac/
f-16.htm.
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Fig. 5 Forward-quarter engagement for planar target: a) involute
law (projection onto the tangent plane; compare with Fig. 4a) and
b) PN law.

simulated: 1) forward-quarter engagement (Figs. 4a and 5), and 2)
rear-quarter engagement (Figs. 4b and 6).

In the simulations it was assumed that, at the beginning of the
engagement, the missile is on the tangent plane, so that initial offset
D=0.

For performance comparison, the two-dimensional results (pro-
jections) of the involute law are contrasted with the simulation re-
sults for the PN law. In the case of forward engagement, Fig. 5 for
the involute law is compared with the PN law; for rear engagement,
see Fig. 6.

Both the PN (which is a benchmark) and the new algorithm inter-
cept the target for perfect target information. However, the engage-
ment times and trajectories are different.

The involute engagement model guarantees a perpendicular im-
pact in the tangent plane, or side impact in three dimensions. The
PN guidance law varies in the impact angle, depending on the en-
gagement. In the two scenarios displayed, it evolves into a head-on
or tail-chase maneuver. In general, the benchmark provides a shorter
engagement time, as it takes a more direct approach to the intercept
point.

B. Spatial Engagement: Barrel-Roll Maneuver

Barrel-roll maneuver is challenging for intercept, because 1) it
produces an oscillating line of sight and 2) it involves out-of-plane
maneuvers.
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Mathematically, the trajectory of a barrel-rolling target can be
approximated by a circular helix with radius a > 0 (Ref. 3, p. 85):

x(t) =[acos(t), asin(t), bt] (22)

whose involute x*(s) =x(s)+ (c —s)t(s) parameterized by
t=s//(a*+b?) is

x*(t) ={a[cos(t) + ¢ sin(¢) — y sin(?)], a[sin(¢)

—tcos(t) + y cos(t)], by} (23)

where y = c/./(a* + b?). Thus, Eq. (23) is a plane curve, lying in
the plane x; =by.

The speed of the target in the barrel-roll maneuver is
v=./(a*+b?), its speed along the x3 axis is v, =b, and the
speed projected on the tangent plane is vy =a. Because both
the helix curvature and torsion are constant, k =a/(a”> + b*) and
T =b/(a® +b*), we have Vax/Vproj = T/k . This ratio can be used
to quantify the rapidity of the barrel roll, that is, how far the
target progresses along the x3 axis in each cycle (time interval
of 21).

Based on the F-16 capabilities, typical values for a barrel-roll
maneuver’s parameters are assumed to be the following: 1) the target
curvature x is between 0 and 0.285 s~'; 2) the target torsion 7 is
between one and five times curvature; 3) the target axial speed v,
is approximately 310 ms~! EAS; and 4) the roll lasts between one
and three cycles.
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Fig. 7 Forward-quarter engagement for target in barrel-roll: a) invo-
lute law and b) PN law.

As can be seen from Fig. 7b, the PN law cannot cope with the
maneuver. By contrast, the new law achieves intercept (see Fig. 7a).
This happens because the involute of the target is a planar curve,
so that—from the intercept algorithm viewpoint—the situation is
no different from a planar engagement. Indeed, the derivations pre-
sented in Sec. III were based on the assumption that the target’s
involute is planar, which is true for barrel-roll represented as a
helix.

V. Conclusions

This paper presents a basic engagement model for a maneuvering
target, derived from the differential geometric concept of involute.
Assuming that the target’s curvature and torsion are available (ef-
fective estimators for which are yet to be derived), the resulting
guidance law is shown to be viable and simple and does not rely on
line-of-sight (LOS) information.

Compared with proportional navigation (PN), the missile trajec-
tories generated by the involute law have unexpected, curved shapes.
Although this results in longer engagement times than PN for planar
engagements, it adds uncertainty to the evasion strategy, especially
that pilots tend to base the strategy on the LOS information. Further-
more, a side impact angle means that the missile is approaching the
target from its blind side, if it is pulling maximum g in a level turn,
increasing lethality. Unlike PN, the new law automatically works
against barrel-roll maneuver.
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